The main aim of this paper is to give a characterization of the category of fuzzy soft topological spaces and their continuous mappings, denoted by FSTOP. For this reason, we construct the category of antichain soft topological spaces and their continuous mappings, denoted by ASTOP. Also, we show that the category FSTOP is isomorphic to the category ASTOP.
Introduction
In 1999, Molodtsov [13] proposed a completely new concept called soft set theory to model uncertainty, which associates a set with a set of parameters. The soft set theory has been applied to many different fields with great success. Later, Maji et al. [11] introduced the concept of fuzzy soft set which combines fuzzy sets [17] and soft sets [13] . Soft set and fuzzy soft set theories have a rich potential for applications in several directions. So far, lots of spectacular and creative researches about the theories of soft set and fuzzy soft have been considered by some scholars (see [3, 7, 8, 9, 12, 15] ). Also, Aygünoğlu et al. [5] studied the topological structure of fuzzy soft sets based on the sense of Šostak [16] .
The main result in this paper is that the category of compatible antichain soft topological spaces and their continuous mappings, denoted by ASTOP, is isomorphic to that of the category FSTOP of fuzzy soft topological spaces and their continuous mappings. This study is organized in the following manner. In the first and second sections, we give some fundamental concepts and notions about soft sets, fuzzy sets, fuzzy soft sets and fuzzy soft topology which are necessary for the last section. In the main section, we construct the category of antichain soft topological spaces and their continuous mappings, denoted by ASTOP, and show that the category FSTOP is isomorphic to the category ASTOP. Hence, we obtain the result that the category ASTOP is a topological category over SET 3 .
Preliminaries
Throughout this paper, X refers to an initial universe, E is the set of all parameters for X, I = [0, 1] and
Definition 2.1 [13] F is called a soft set over X if and only if F is a mapping from E into the set of all subsets of the set X, i.e., F : E → P(X), where P(X) is the power set of X.
The value F (e) is a set called e-element of the soft set for all e ∈ E. It is worth noting that the sets F (e) may be arbitrary, empty, or have nonempty intersection. Thus a soft set over X can be represented by the set of ordered pairs
Example 2.1 (1) [7] Let X = {x 1 , x 2 , x 3 , x 4 , x 5 } be a universal set and E = {e 1 , e 2 , e 3 , e 4 } be a set of parameters. If F (e 1 ) = {x 2 , x 4 }, F (e 2 ) = X, F (e 3 ) = F (e 5 ) = ∅ and F (e 4 ) = {x 2 , x 3 , x 5 }, then the soft set F is written by
is the family of all open neighborhoods of a point x ∈ X, i.e., F (x) = {V ∈ τ | x ∈ V }, then the ordered pair (F, X) indeed a soft set over P(X). Definition 2.2 [17] A fuzzy set on X is a mapping U : X → I, i.e., the family of all the fuzzy sets on X is just I X consisting of all the mappings from X to I. The value U (x) represents the degree of x belonging to the fuzzy set U.
A fuzzy set U on X can be represented as follows:
Definition 2.3 [7, 15] f is called a fuzzy soft set over X, where f is a mapping from E into I X , i.e., f e f (e) : X → I is a fuzzy set on X, for each e ∈ E.
Here, the value f (e) is a fuzzy set called e-element of the fuzzy soft set for all e ∈ E. Thus, a fuzzy soft set f over X can be represented by the set of ordered pairs
The family of all fuzzy soft sets over X is denoted by (I X ) E . Example 2.2 [7] Let X = {x 1 , x 2 , x 3 , x 4 , x 5 } be a universal set and E = {e 1 , e 2 , e 3 , e 4 } be a set of [14, 15] Let f and g be two fuzzy soft sets over X. Then 8th Conference of the European Society for Fuzzy Logic and Technology (EUSFLAT 2013) (a) f is called a fuzzy soft subset of g and write f ⊑ g if f e ≤ g e , for each e ∈ E. Two fuzzy soft sets f and g over X are called equal if f ⊑ g and g ⊑ f .
(b) the union of f and g is the fuzzy soft set h = f ⊔ g, where h e = f e ∨ g e , for each e ∈ E.
(c) the intersection of f and g is the fuzzy soft set h = f ⊓ g, where h e = f e ∧ g e , for each e ∈ E. Definition 2.5 The complement of a fuzzy soft set f is denoted by f ′ , where
Definition 2.6 [15] (Null fuzzy soft set) A fuzzy soft set f over X is called a null fuzzy soft set and denoted by Φ, if f e = 0, for each e ∈ E. Definition 2.7 [15] (Absolute fuzzy soft set) A fuzzy soft set f over X is called an absolute fuzzy soft set and denoted by E, if f e = 1, for each e ∈ E.
Then we have the following properties:
Definition 2.8 [4] Let φ : X 1 −→ X 2 and ψ : E 1 −→ E 2 be two functions, where E 1 and E 2 are parameter sets for the crisp sets X 1 and X 2 , respectively. Then the pair φ ψ is called a fuzzy soft mapping from X 1 to X 2 . Definition 2.9 [4] Let f and g be two fuzzy soft sets over X 1 and X 2 , respectively and let φ ψ be a fuzzy soft mapping from X 1 to X 2 .
(1) The image of f under the fuzzy soft mapping φ ψ , denoted by φ ψ (f ), is the fuzzy soft set over X 2 defined by
The pre-image of g under the fuzzy soft mapping φ ψ , denoted by φ
If φ and ψ are injective (surjective), then φ ψ is said to be injective (surjective).
(3) Let φ ψ be a fuzzy soft mapping from X 1 to X 2 and φ * ψ * be a fuzzy soft mapping from X 2 to X 3 . Then the composition of these mappings from X 1 to X 3 is defined as follows:
where ∆ is an index set. Then the following properties are satisfied:
Fuzzy soft topological spaces
To formulate our program and general ideas more precisely, first recall the concept of fuzzy topological space, that is of a pair (X, τ ) where X is a set and τ : I X → I is a mapping (satisfying some axioms) which assigns to every fuzzy set on X the real number, which shows "to what extent" this set is open. According to this idea a fuzzy topology is a fuzzy set on I X . This approach have lead us to define fuzzy soft topology which is compatible with the fuzzy soft theory. By our definition, a fuzzy soft topology is a fuzzy soft set over the set of all fuzzy soft sets (I X ) E which denotes "to what extent" the fuzzy soft set is open according to the parameters.
Throughout this study, let E and K be arbitrary nonempty sets viewed on the sets of parameters.
Definition 3.1 [5] A mapping τ :
Then the pair (X, τ ) is called a fuzzy (E, K)-soft topological space. The value τ k (f ) is interpreted as the degree of openness of a fuzzy soft set f with respect to parameter k ∈ K.
Let τ 1 and τ 2 be two fuzzy (E, K)-soft topologies on X. We say that τ 1 is finer than τ 2 (τ 2 is coarser than [5] Let T be a fuzzy topology on X in Šostak's sense, that is, T is a mapping from I X to I. Take E = I and define T : E −→ I X as T (e) {µ : T (µ) ≥ e} which is levelwise fuzzy topology of T in Chang's sense [6] , for each e ∈ I. However, it is well known that each Chang's fuzzy topology can be considered as Šostak fuzzy topology. Hence, T (e) satisfies (O1), (O2) and (O3).
According to this definition and by using the decomposition theorem of fuzzy sets [10] , if we know the resulting fuzzy soft topology, then we can find the first fuzzy topology. Therefore, we can say that a fuzzy topology can be uniquely represented as a fuzzy soft topology. Example 3.2 Let X = {x, y}, K = {k 1 , k 2 } and E be a nonempty arbitrary parameter set for X. Define the mapping, τ :
E as follows: for each e ∈ E,
.
It is easy to verify that τ is a fuzzy (E, K)-soft topology on X. Definition 3.2 [5] Let (X 1 , τ 1 ) be a fuzzy (E 1 , K 1 )-soft topological space and (X 2 , τ 2 ) be a fuzzy (E 2 , K 2 )-soft topological space. Let φ :
The category of fuzzy soft topological spaces and fuzzy soft continuous mappings is denoted by FSTOP.
Theorem 3.1[5]
The category FSTOP is a topological category over SET 3 with respect to the forgetful functor V : FSTOP → SET 3 which is defined by V (X, τ ) = (X, E, K) and V (φ ψ,η ) = (φ, ψ, η).
The category of ASTOP Definition 4.1 A parameterized family
E which satisfies the following properties for each k ∈ K is called the (E, K)-soft I-topology on X.
(S1)
Consider the partial order ⊆ on STO(X) which is defined as follows:
Then, according to this order, the union and the intersection of two (E, K)-soft I-topologies T = {T k } k∈K and S = {S k } k∈K on X are described by the following equalities:
T ∪S = {(T ∪S) k } k∈K and T ∩S = {(T ∩S)
Hence STO(X) is a complete lattice with respect to the order ⊆ which is defined above, with the least element T t and the greatest element T D . Definition 4.2 An object of the category ASTOP is a pair (X, γ) , where X is a set and
Given a fuzzy (E, K)-soft topology τ on X, we can obtain a collection of (E,
Proof. It is trivial and therefore omitted. Proposition 4.1 (1) If two fuzzy (E, K)-soft topologies on X determine the same object in ASTOP, then they are equal.
(2) Let (X, S) and (Y, T ) be fuzzy (E 1 , K 1 )-soft topological space and fuzzy
Proof.
(1) Let T and S be two fuzzy (E, K)-soft topologies on X satisfying γ T = γ S . We want to show T = S, i.e., for each k
. By Lemma 4.1, we get S k (f ) ≥ a. Therefore, since a ∈ I 1 is arbitrary, we obtain the following inequality T k (f ) ≤ S k (f ). On the other hand, by the similar way, we can show
. Hence the conclusion of (1).
(
is continuous, we have to show that for each a ∈ I, k ∈ K and g ∈ γ T η(k) (a), we have φ
By the above proposition, we have a functor from the category FSTOP of fuzzy (E, K)-soft topological spaces to ASTOP, which is injective on objects.
Given a compatible antichain (E, K)-soft Itopology γ on X, then we can construct a fuzzy
Proof. We need to check the axioms (O1)-(O3) of Definition 3.1.
(O2): Let µ be any number in
(O3): Let µ be any number in I 1 and a family of γ) and (X, ξ) are two objects in ASTOP and they determine the same fuzzy (E, K)-soft topology on X, then they are equal.
(2) Let (X, γ) and (Y, ξ) be (E 1 , K 1 )-soft Itopological space and (E 2 , K 2 )-soft I-topological space, respectively. If φ ψ,η : (X, γ) → (Y, ξ) is continuous, then φ ψ,η is continuous with respect to the induced fuzzy soft topologies.
(1) Let τ be the same fuzzy (E, K)-soft topology induced by γ and ξ. We want to show γ = ξ, i.e, γ k (a) = ξ k (a) for every k ∈ K and a ∈ I 1 . As an alternative way, for each a ∈ I 1 , we show that for By above propositions, we obtain the following theorem.
Theorem 4.1 The category FSTOP is isomorphic to the cartegory ASTOP. Hence ASTOP is a topological category over SET 3 .
Conclusion
In this paper, we gave a characterization of the category FSTOP [5] . In this manner, we constructed ASTOP, the category of antichain soft topological spaces and their continuous mappings. Also, we showed that FSTOP is isomorphic to ASTOP and so, ASTOP is a topological category over SET 3 . From [1] , we learn that a topological category inherits all limits and colimits, whenever they exist, from the underlying ground category. Hence, ASTOP has all limits and colimits, since SET has them. For further research, one can try to extend these results to the case of L-fuzzy soft topological spaces where L is a completely distributive lattice.
